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Optimization of Electric Thrusters for Primary
Propulsion Based on the Rocket Equation
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During the last decade, electric propulsion systems have been established for orbit maintenance of satellites.
More than 150 spacecraft are now equipped with almost 400 thrusters for this purpose. The current decade will see
the use of electric propulsion for primary propulsion. Optimal mission parameters are determined for these tasks.
Depending on the mission pro� le, ion thrusters, Hall thrusters, thermal arcjets, or magnetoplasmadynamics(MPD)
thrusters are preferable. All electric propulsion systems have in common that they can be operated over a wide
range of speci� c impulse and that the thrust ef� ciency and, therefore, the speci� c power of the propulsion system
depend strongly on the speci� c impulse. The optimal speci� c impulse for a particular mission depends, therefore,
on the kind of thruster and the chosen propellant. It is demonstrated that for MPD, ion, Hall ion, and thermal
arcjet thrusters the optimal speci� c impulse for a particular mission can be determined by an optimization that is
based on the rocket equation. In addition, when a simple cost function is used, the in� uence of the cost factors is
explained. Finally, the results of a few missions for which electric propulsion systems have been selected as primary
propulsion are discussed.

Nomenclature
a = parameter, m/s
b = parameter, s/m
ce = effective exhaust velocity, m/s
E = speci� c energy, J/kg
e = elementary charge, C
f; f1 = functions
g = function
gI ;I I = examples of function g
k = factor
m L S = payload and structure mass, kg
m P = propellant mass for achieving mission, kg
mPS = propulsion system dry mass

(including power supply), kg
m0 = initial vehicle mass, kg
Pm = propellant � ow rate, kg/s
Pel = electrical power, W
T = thrust, N
TR = transport rate, s¡1

vA = Alfvèn velocity, m/s
®F = speci� c power of propulsion system, W/kg
®PS = speci� c power of power supply, W/kg
1v = velocity increment for mission, m/s
´PC = ef� ciency of power conditioner
´T = thrust ef� ciency
´T ;max = maximum (theoretical) thrust ef� ciency
¹L S = payload and structure mass fraction
¿ = trip time, s
¿ ¤

I ;I I = normalized trip time
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Introduction

T ODAY there is no question that electric propulsion systems
are serious competitors for primary propulsion with respect

to orbit transfer, lunar, or interplanetary missions. Depending on
the mission pro� le, different electric thruster types [thermal arcjets,
magnetoplasmadynamics (MPD), ion, and Hall ion thrusters] are
either being discussed,have been investigatedor developed,or have
even been space-proofed for these purposes.1¡5

Since the early 1970s, the advantagesand disadvantagesof elec-
tric propulsion vs chemical propulsion for transfer missions have
been discussed in many papers,6;7 as well as the comparison be-
tween the different types of electric thrusters.7¡11 In general, only
the rocket equation in these papers is varied and applied to differ-
ent thruster types and different mass distributions, without special
regard to optimization.

All of the thruster types taken into considerationhave in common
that the effective exhaust velocity can vary greatly, whereby the
thruster ef� ciency also changes. In this paper, for each thruster type
and appropriate propellant, the optimal effective exhaust velocity
for a certain velocity increment of the mission will be ascertained.
The � ight time at a maximum payload capacity should be as low as
possible. In the older, valuable works of Langmuir,12 Irving,13 and
Stuhlinger,14 and in a U.S. Air Force study,15 such optimizations
havealreadybeenmade,althoughunderthe assumptionof a constant
speci� c power ®F of the propulsion system. However, the speci� c
power

®F D ´PC´T .ce/ ®PS (1)

depends on the ef� ciency of the power conditioning unit ´PC, the
speci� c power of the power system ®PS, and the thruster ef� ciency
´T . The speci� c power ®PS is de� ned as the ratio of electricalpower
and the sum of power supply mass, power conditioner mass, and
motor mass. Whereas the ef� ciency ´PC and the speci� c power of
the system ®PS can be seen as independent of the speci� c impulse
as long as the motor mass is much lower than the power supply
mass, this is not the case for the thruster ef� ciency ´T . For all of
the electrical thrusters considered here, the thruster ef� ciency, and,
therefore,®F , strongly depends on the effective exhaust velocity ce .
Therefore, it is absolutely necessary to introduce this dependency
into the rocket equation for optimization purposes.This has already
been done and published in a previous paper,16 and it was shown
that the Langmuir12–Irving13 optimization is a borderline case.

Because the costs of orbitalmass transferare not only determined
by the amount of payload but also by the transfer time, a transport
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rate has been de� ned and is included in the optimization.Especially
for crewed missions, the trip time should be minimized not only
because of cost but also for safety reasons. In a previous paper,16

a method was provided for a quick evaluation of the optimal range
of the thruster parameters for a certain mission pro� le for ion and
MPD thrusters. During the last 10 years, Hall ion thrusters and
thermal arcjets have also shown performance data that make them
interestingcandidatesas primary propulsionsystems.4;17 Therefore,
in this paper it is shown that the methods that have already been
developed for ion and MPD thrusters can also be applied for Hall
ion thrusters and high-power thermal arcjets. For three examples
of recent missions, Deep Space 1,1 SMART-1,2 and MUSES-C,3

the predicted optimal effective exhaust velocity is compared to the
values for which the selected thrusters have been quali� ed. A new
method for thermal arcjet thrusters is also introduced.

Optimization Based on the Rocket Equation
For the evaluation of a thruster system, the attainable velocity

increment is of great interest.The connectionbetween the attainable
velocity increment 1v, the required � ight time ¿ , the payload and
structure fraction ¹L S , on the one hand, and the propulsion system
characterizedby the effectiveexhaust velocityce and speci� c power
®F , on the otherhand, is providedby the rocket equation.For rockets
with energy sources separate from the propellant, that is, mainly
electrical thrusters, it can be written in dimensionless form:

1v

ce
D

"
1 C c2

e

¯
2®F ¿

¹L S C c2
e

¯
2®F ¿

#
(2)

where
p

.2®F ¿ / is a characteristic velocity, which can be de-
rived from the speci� c energy " of the propulsion system, " D ®F ¿
(Ref. 18). The payload and structure mass fraction is de� ned as
¹L S D mL S=m0, with m0 as initial mass of the spacecraftand mL S as
sum of the payload and structure mass. To compare electric propul-
sion systems with chemical rockets, the total mass is divided as

m0 D m L S C mPS C m P (3)

with the propellant mass m P and the mass of the propulsion sys-
tem including the power system mPS. The propulsion system has
to be optimized so that a maximum payload mass fraction ¹L S , a
minimum � ight time ¿ , and a maximum velocity increment 1v can
be achieved. To obtain the conditions for these requirements, the
rocket equation (2) is solved for ¹L S , ¿ , and 1v, respectively, and
partialdifferentiationis taken with respect to the exhaustvelocityce.
An investigation of the second derivative reveals that, as required,
a maximum and a minimum are being dealt with. When the rocket
equation (2) is substituted into all three obtained equations, they
can be brought into the same form.16 This signi� es that the minimal
� ight time, maximal payload fraction, and maximal velocity incre-
ment yield one and the same conditionand are, therefore,reached at
the same time. Furthermore, in this condition,the term dependenton
the speci� c power ®F can be separated, that is, it can be represented
in the form g D f , where g is a function only of ®F and ce, whereas
f is a function only of ¹L S and 1v=ce:

ce

®F

@®F

@ce| {z }
g

D

2 C 1v

ce
exp

³
1v

ce

´
¹L S ¡ 1

[1 ¡ exp.1v=ce/][¹L S exp.1v=ce/ ¡ 1]
| {z }

f

(4)

The function f , which is independent of the propulsion parameter
®F , can be displayedwith 1v=ce as an abscissaand with the payload
and structure fraction ¹L S as a parameter, which is done in Fig. 1.
From Fig. 1, it can be clearly seen that there is no optimization
possiblefor f and g valuesbetween 1 and 2, respectively.For further

Fig. 1 Function f vs ¢v/ce with the payload plus structure mass frac-
tion ¹LS as parameter.

discussion, the function g, which is a function of the speci� c power
of the propulsion system, has to be derived. The speci� c power ®F

strongly depends on the thruster type and propellant choice.

High-Power Thermal Arcjets, Ion, Hall Ion, and MPD Thrusters
For ion, Hall ion, and MPD thrusters, as well as for high-power

thermal arcjets, the degree of ionization is close to one or at least
constant over a wide range of operation. Consequently,the reaction
losses of the beam do not signi� cantly change. On the other hand,
the thermal losses in these thrusters are low compared to the thrust
power and to the other losses and/or do not signi� cantly change.
Therefore, the thrust ef� ciency ´T de� ned as thrust power divided
by total power input can be approximated by the formula

´T D ´T ;max

©
c2

e

¯£
c2

e C .kvA/2
¤ª

(5)

already used by Stuhlinger for ion thrusters.14 Here, ´T ;max is an
asymptotic value for ce ! 1, which includes, primarily, the ther-
mal and the nozzle losses. The second factor on the right-hand side
of Eq. (5) represents the quotient of the kinetic energy of the beam
divided by its enthalpy. The velocity vA is the Alfvèn critical ve-
locity, that is, the average velocity a particle would reach in the
case that the sum of the reaction energy, heat of fusion, and heat of
evaporation were changed into kinetic energy:

vA D

vuut 2e

Nm A

Á

®D ED C
X

i

®I;i E I ;i

!
C 2rF C rE (6)

with Nm A the average atomic mass, ®D the degree of dissociation,
®I ;i the degree of ionization of the grade, E D (in electron volts) the
dissociation energy, E I ;i (in electron volts) the averaged ionization
energy of the i th grade, rF (in joules per kilogram) the speci� c
heat of fusion, and rE (in joules per kilogram) the speci� c heat of
vaporization. In Table 1, the Alfvén critical velocities for various
propellants for full ionization (only � rst stage) are listed.

In Fig. 2, it is clearly visible that the Alfvén critical velocity
strongly depends on the average atomic mass and on its location
within the periodic table of elements as found by Bühler.19 Low
values are achievable for high atomic masses and for alkali metals.
For ion and Hall ion thrusters, the atomic weight of the propellant
should be as high as possible to achieve a high-thrust level. In this
case, as can be seen from Fig. 2, the Alfvén critical velocity is also
lowest, which means the thrust ef� ciency, or at least ´T ;max, is high.
In the case of MPD thrusters, the propellant selection is not domi-
nated by the request to achievea high-thrustlevel but by the demand
to increase the effective exhaust velocity and improve the thruster
ef� ciency. To achieve high speci� c impulses, the average atomic
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Table 1 Molecular weights, ionization EI and dissociation energies ED , heat of fusion rF , heat of vaporization rE , and Alfvén velocity vA
(for complete � rst ionization) for the most important propellants

Molecular mass

Propellant Cold Fully dissociated ED , eV E I;1 , eV E I;2, eV rF , J/kg rE , J/kg vA , km/s

Hydrogen, H2 2 1 2.26 13.59 —— 5.78£ 104 4.60£ 105 55.1
Methane, CH4 16 3.2 3.45 13.12 —— 5.86£ 104 5.48£ 105 31.5
Helium, He 4 4 —— 24.48 54.4 —— 2.09£ 104 34.24
Ammonia, NH3 17 4.25 3.04 13.83 —— 3.39£ 105 1.37£ 106 27.63
Hydrazine, N2H4 32 5.33 3.06 13.9 —— 3.96£ 105 1.28£ 106 24.75
Water, H2O 18 6 3.2 13.6 —— 3.34£ 105 2.26£ 106 23.28
Lithium, Li 6.94 6.94 —— 5.39 75.62 6.64£ 105 2.13£ 107 13.76
Nitrogen, N2 28.02 14.01 4.92 14.53 29.59 2.57£ 104 1.99£ 105 16.32
Oxygen, O2 32 16 2.58 13.61 35.11 1.38£ 104 2.13£ 105 19.69
Sodium, Na 23 23 —— 5.14 47.29 1.13£ 105 5.86£ 106 7.00
Potassium, K 39.1 39.1 —— 4.34 31.81 5.96£ 104 2.29£ 106 4.87
Argon, Ar 39.95 39.95 —— 15.76 27.62 3.03£ 104 1.57£ 105 8.72
Xenon, Xe 131.3 131.3 —— 12.13 21.2 2.34£ 104 9.63£ 104 4.24
Cesium, Cs 132.91 132.91 —— 3.89 25.1 1.55£ 104 5.02£ 105 2.58
Mercury, Hg 200.59 200.59 —— 10.43 18.75 1.17£ 104 3.01£ 105 3.25

Fig. 2 Alfvèn velocity as function of the average atomic weight (with-
out electrons).

weight of the propellant should be low with respect to the thermal
thrust portion. The magnetic thrust portion does not depend on the
propellant choice. For self-� eld MPD thrusters, it can be shown18

that the effective exhaust velocity ce is restricted to the Alfvén ve-
locity, if the thermal thrust portion is low compared to the MPD
thrust. Both imply the choice of a lightweight propellant. On the
other hand, to improve the magnetic thrust, the current I has to be
as high as possible because the magnetic thrust is proportional to
I 2 . This means that the power has to be supplied at a low voltage.
Therefore,propellantswith low arc voltage levels are preferable.To
achieve high ef� ciencies, the Alfvén velocity should be low. When
all of these argumentsare takeninto account,argon and alkali metals
are a good choice for MPD devices. Whether, for example, hydro-
gen is of interest depends mainly on the magnitude of the thermal
thrust fraction.For thermal arcjets, the atomic mass of the propellant
should be as low as possible to achievethe highest speci� c impulses
possible.18 To maximize ef� ciency, the current level of operation
should be minimized because the anode loss, which is dominant
for these devices, increases linearly with the current. When all of
these points are taken into consideration, hydrogen, which offers a
high-voltage level, is the best propellant choice for thermal arcjets,
although its Alfvén velocity is the highest.

The factor k in the Eq. (5) makes it possible to consider the
averagelosses that occur during the productionof an ion in a certain

Fig. 3 Thruster ef� ciency vs effective exhaust velocity for different
thrusters (Table 2).

thruster. Therefore, the term kvA can be described as an effective
“thruster speci� c” Alfvén velocity. A propulsion system consisting
of a certain thruster and propellant is, therefore, characterized by
´T ;max and kvA . Approximation (5) corresponds quite well to the
measured ef� ciencies of plasma and ion engines.

In Fig. 3, some experimental results of MPD, ion, high-power
thermal arcjet, and Hall ion engines approximated with Eq. (5) are
plotted (Table 2). In Fig. 3, the experimentally veri� ed areas are
shown with a thick line. By the introductionof Eq. (5) into the left-
hand side of Eq. (4), the function gI .kvA; ce/ results, which is valid
for ion, Hall ion, and MPD thrustersand high-powerthermal arcjets
as a special case of g.®F , ce/:

gI D 2
¯£

1 C .ce=kvA/2
¤

D 2
¯£

1 C .ce=1v/2.1v=kvA/2
¤

(7)

When plotted against 1v=ce with the thruster type and mission-
dependent parameter kvA=1v, one obtains the set of curves dis-
played together with the function f in the upper part of Fig. 4.

The solutions for an optimized thruster are the points f D gI .
Because of the limitationsof gI , 0 · g I · 2, and the lack of f values
in the region1 < f < 2, the optimizationis limited to 0 < f , gI < 1.
Furthermore, from Fig. 4, it is obvious that in general 1v=ce is also
restricted,and with increasingkvA=1v, the area of 1v=ce , in which
an optimization is possible, gets smaller. Another important result
can be derived: With the increasing sensitivity of ´T .ce/, to rising
kvA=1v for a given mission, the optimal speci� c impulses become
greater. The corresponding� ight time of a mission can be achieved
by introducingEq. (5) into the optimization condition (4) and using
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Table 2 Different thruster types and propellants [with approximation(5)]

ce area experimentally
Thruster Propellant kva , km/s va , km/s k ´¿;max veri� ed, km/s Ref.

Ion Ar 36.99 8.72 4.242 0.84 40–60 20
Ion Xe 19.67 4.24 4.639 0.93 30–40 20
SPT Xe 7.01 4.24 1.653 0.6 13–23 21
SF-MPD Ar 3.06 8.72 0.351 0.27 3–11 5
AF-MPD Li 1.88 13.76 0.137 0.56 29–35 22, 23
HIPARC H2 1.199 55.1 0.022 0.29 12–21 4

Fig. 4 Nomograph of the quantities ¢v; ¿ ¤
I ; ¹LS , and ce for the opti-

mized rocket equation for high-power thermal arcjets, ion, Hall ion and
MPD thrusters.

the rocket equation (2) for eliminating the payload and structure
mass fraction. When a normalized � ight time is introduced,

¿ ¤
I D ´PC®PS´T ;max.¿=1v2/ (8)

we achieve

¿ ¤
I D

»
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³
1v

ce

´¶µ
1
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¡ 1
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"³
ce

1v
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C
³

kvA

1v

´2
#

(9)

Equation (9) shows that the normalized � ight time ¿ ¤
I is only a

function of 1v=ce and kvA=1v and can, therefore, be integrated
into Fig. 4.

Figure 4 shows the � eld of all possibleoptimal values for a certain
mission in the case of an ion, a Hall ion, an MPD propulsion, or a
high-power thermal arcjet system in the form of a nomograph.With
a given thruster type, that is, with a given kvA and ´T ;max, a given
power supply with ®PS and ´PC, and a given mission, that is, 1v,
the optimal exhaust velocityce and the minimal � ight time ¿ can be
determined for a certain payload fraction, for example.

Fig. 5 Effective exhaust velocity ce as function of speci� c power for
different thermal arcjet thrusters and propellants (Table 3).

Thermal Arcjet Thrusters
In addition to the case of high-power thermal devices that have

already been discussed in the preceding section, the degree of ion-
ization and also the fraction of the thermal losses of a thermal arc-
jet change by varying the effective exhaust velocity ce. Therefore,
Eq. (5) cannot be used. However, for thermal arcjets, the effective
exhaust velocity ce is a linear function of the speci� c power Pel= Pm
over a wide range of operation. Therefore, in this case the assump-
tion can be made that

ce D a C b.Pel= Pm/ (10)

Parameter a represents an exit velocity that corresponds to the en-
ergy content of the propellant that is not directly in� uenced by the
arc. In the case of a thruster that is not regeneratively cooled, a
corresponds to the cold-gas thrust and, therefore, increases as the
size of the thruster and the power level increase. With an increasing
regenerative capacity of the thrusters, which is the highest for the
MARC 6 (Medium Power Arcjet 6), and with an increasing heat
capacity of the propellant, a also increases (Table 3).

Parameter b represents the slope of the curves in Fig. 5. On the
one hand, it depends on the propellantsbeing highest for hydrogen,
which offers high exit velocities even at low speci� c power levels.
This can be seen in curves 1–3. In the case of NH3 or N2H4 , the
curves are steeper due to dissociation. For these two propellants, b
differs only slightly because it is very close to the Alfvén velocity;
b generally increases with increasing Alfvén velocity and decreas-
ing molecular weight because ce strongly depends on the effective
molecularweight. On the other hand, an increaseof the regenerative
cooling capacity makes b smaller, which is obvious from the very
low value of the Marc 6.

For the thrust ef� ciencies, when Eq. (10) is used,

´T D T 2
¯

2 Pm Pel D c2
e

¯
.2Pel= Pm/ D .b=2/

£
c2

e

¯
.ce ¡ a/

¤
(11)

follows.
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Table 3 Various thermal arcjet thrustersa

Experimentally Experimentally
Thruster Propellant a, km/s b, s/km veri� ed ce area, km/s veri� ed Pel area, W Ref.

ATOS-2 NH3 2.75 6.74E¡02 4.3–5.6 900–1,600 24
ARTUS N2H4 2.49 6.60E¡02 4.2–5.2 1,000–1,600 25
ARTUR H2 4.46 4.00E¡02 7.2–9.3 1,000–1,800 24
Marc6 H2 7.97 2.09E¡02 10.2–12.2 5,000–9,150 24
HIPARC H2 4.44 2.97E¡02 8–12 24,000–39,000 4
NASA N2H4 4.74 2.60E¡02 6–7.1 1,000–2,500 26

a With Eq. (10) in the case of HIPARC only the data for medium power operation (<39 kW) is included.

Fig. 6 Thrust ef� ciency ´T as function of effective exhaust velocity for
different thermal arcjet thrusters and propellants (Table 3).

In Fig. 5 the effectiveexhaustvelocityce of differentarcjets listed
in Table 3 is plotted against the speci� c power. Figure 5 makes it
clear that the effectiveexhaust velocity increasesas the thrustersize
increases due to an increase of speci� c power. The High Power
Arcjet (HIPARC) thruster is optimal for high-power levels (100
kW). Only for the low-power level of this thruster can it be handled
with Eq. (10). For high-power operation, Eq. (5) has to be applied;
this is included in the precedingsection.The thrustershave not been
optimized for the power levels shown in this section.

Figure6 shows the thrustef� cienciescalculatedfor thermalarcjet
propulsionsystems. The experimentallyveri� ed area is plotted with
a thick line; the thin line represents the curves that are obtained
using Eqs. (10) and (11). The assumption of linearity matches the
experimental results very well except for the very low and very high
ce region for a speci� c thruster. The very low values are not of any
technical interest.At very high ce values, that ce no longer increases
as the speci� c power rises in a linear manner is a sign that the gas
is nearly fully dissociated. In addition, the fraction of ionization is
no longer increasing at the same rate as in the lower ce area. For
high-power thermal arcjets, the point can even be reached where, as
with MPD thrusters, the gas is nearly fully ionized and the degree
of ionization no longer changes by increasing ce. In this case, the
behavior of the device can be handled using Eq. (5).

When Eq. (11) is introduced into the left-hand side of the op-
timization condition in Eq. (4), the function g I I (a, ce/ can be ob-
tained,which is valid for thermal arcjets in the boundariesdiscussed
earlier,

gI I D
ce ¡ 2a

ce ¡ a
D 1 ¡ 2.a=1v/.1v=ce/

1 ¡ .a=1v/.1v=ce/
(12)

Plotted against 1v=ce with the propulsion system and mission-
dependent parameter a=1v, one obtains the set of curves given
in Fig. 7.

As in the case of the function f , no g I I values exist between
1 and 2. The function gI I becomes singular for 1v=ce D 1v=a or

Fig. 7 Function of gII vs ¢v/ce with the mission and propulsion system
dependent parameter a/¢v.

ce D a. This point is not of importance; only the region of ce > a is
of interest because a corresponds to the effective cold-gas thrust.
Therefore, the upper part of Fig. 7 for gI I ¸ 2 is not of interest, and
one can concentrateon the region f; gI I · 1. In the upper part of the
nomograph,the functions f and g I I are plottedwith the payloadand
structuremass fraction ¹L S , or rathera=1v, as parameters. It can be
seen from Fig. 7 that for a speci� c mission, that is, 1v D const, the
requiredoptimal exhaustvelocityce;opt, to even be able to conductan
optimization, increases with a and, therefore,with the thruster size.

As in the case of the thruster types in the preceding section,
a normalized trip time ¿ ¤

I I can also be derived for thermal arcjet
thrustersfrom the optimizationcondition(4) with respect to Eq. (12)
using the rocket equation (2) to eliminate the payload and structure
fraction ¹L S ,

¿ ¤
I I D

ce

1v

µ
exp.1v=ce/ ¡ 1

1v=ce
C

a

1v

1v

ce
¡ 1

¶
(13)

with the normalized trip time de� ned as

¿ ¤
I I D ´PC®PS.b=1v/¿ (14)

From Eq. (13), it follows that the normalized trip time is only a
function of a=1v and 1v=ce and could, therefore, be integrated
into the nomograph in Fig. 8. This nomograph describes the � eld
of all possible optimal values for a certain mission in the case of a
thermal arcjet propulsion system. With a given propulsion system,
that is, with given valuesa, b, ®PS, and ´PC for a speci� c mission, that
is, 1v, the optimal exhaustvelocityce;opt and the minimal � ight time
¿min can be determined, for example, for a certain payload fraction.

Optimization of a Transport Rate
Not only are the performance data of the propulsion system and

the reliability important for missions, but ultimately the costs play
a decisive role. An attempt will be made to model these costs with a
relatively simply de� ned transport rate and to include this transport
rate in the mission optimization.
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Fig. 8 Nomograph of the quantities ¢v, ¿ ¤, ¹LS , and ce for the opti-
mized rocket equation for thermal arcjet thrusters.

If the payload and structure mass mL S are related to the total
propulsionmass at the onset of the mission (propulsionsystem mass
mPS plus propellant mass m P / multiplied by the � ight time ¿ , one
obtains the following de� nition of a transport rate (TR):

TR D mL S=.mPS C m P /¿ (15)

When Eq. (3) is used, the TR can be expressed as

TR D ¹L S=.1 ¡ ¹L S/¿ (16)

which means that TR is only a function of the � ight time ¿ and the
payload and structure mass fraction ¹L S . Substituting ¿ in Eq. (16)
with the rocket equation (2) provides TR as a function of ¹L S , ce,
and 1v:

TR D 2®F ¹L S [¹L S exp.1v=ce/ ¡ 1]
c2

e .1 ¡ ¹L S/[1 ¡ exp.1v=ce/]
(17)

Therefore, the necessary conditions for a maximal TR for a speci� c
mission1v are that the partialdifferentiationswith respect to ce and
¹L S be zero. Because the TR is only dependenton ce over ¿ .ce/, the
condition@TR=@ce is satis� ed if @¿=@ce D 0. The resultingequation
was deduced in an earlier section in the rocket equation optimiza-
tion as Eq. (4). Because the speci� c power ®F is not a function of
the payload fraction ¹L S , the condition @TR=@¹L S D 0 yields the
following simple equation for the payload mass fraction ¹L S :

¹L S D 1 ¡
p

1 ¡ exp.¡1v=ce/ (18)

For a given mission and propulsion system, the speci� c power ®F

and the velocity increment 1v are � xed, and the TR only depends
on the exhaust velocity ce and payload and structure mass fraction
¹L S . An investigationof the second derivative shows the maximum
TR when both conditions are satis� ed. Substituting Eq. (18) into
Eq. (4) provides
ce

®F

@®F

@ce| {z }
g

D 2

¡
.1v=ce/ exp.1v=ce/

p
1 ¡ exp.¡1v=ce/

[1 ¡ exp.1v=ce/]
£¡

1 ¡
p

1 ¡ exp.¡1v=ce/
¢

exp.1v=ce/ ¡ 1
¤

| {z }
fTR

(19)

Fig. 9 Diagram of ¢v; ce; ¹LS , and ¿ ¤
TR;I for high power thermal ar-

cjets, ion, Hall ion, and MPD thrusters for the case of an optimized
transport rate.

With the additional Eq. (18), the function f D fTR has become de-
pendentonly on 1v=ce and is no longerdependenton the mass frac-
tion ¹L S , as in the case of the optimization of the rocket equation.

High-Power Thermal Arcjets, Ion, Hall Ion, and MPD Thrusters
It has been shown in the preceding section that for high-power

thermal arcjets as well as for ion, Hall ion and MPD thrusters the
function g becomes gI [see Eq. (7)]. The function fTR.1v=ce/ can
now be plotted togetherwith gI .1v=ce/, with kvA=1v as parameter
that, in contrast to f .1v=ce; ¹L S/, no longer represents a set of
curves (shown later). Thus, for a given propulsion system and mis-
sion, the intersection of fTR with gI (1v=ce , kVA=1v/ yields one
solutionfor an optimal speci� c impulse. In accordwith Eq. (18), the
function ¹L S.1v=ce/ was also plotted in Fig. 9, so that one imme-
diately obtains the correspondingpayload mass fraction value ¹L S .
Also in Fig. 9, the normalized� ight time ¿ ¤

TR;I .1v=ce/ is shown.The
normalized � ight time has been calculated with the use of Eqs. (1),
(2), (7), (8), (18), and (19) as

¿ ¤
TR;I D .ce=1v/3[exp.1v=ce ¡ 1/]

p
1 ¡ exp.1v=ce/ (20)

For a given mission 1v and a given propulsion system (kvA, ´T ;max,
®PS, and ´PC/, the exhaust velocity ce , the payload and structure
mass fraction ¹L S , and the � ight time ¿ can be determined from
Fig. 9 and Eq. (8) so that the TR is optimal.

Thermal Arcjet Thrusters
In the case of a thermal arcjet thruster, the functiong becomes gI I

[seeEq. (12)], which is plottedin a set of curvesgI I (1v=ce/ in Fig. 7
with a=1v as parameter. In the same way as for the thrusters, dealt
with in the preceding section, the functions fTR.1v=ce/ [Eq. (19)],
¹L S [Eq. (18)], and ¿ ¤

TR;I I can be integrated in one graph. This is
shown in Fig. 10.

The normalized � ight time ¿ ¤
TR;I I can be calculated from the opti-

mization condition(18), substituting¹L S with the help of the rocket
equation (2) and using, in addition, the optimization condition (19)
and Eqs. (12) and (14):

¿ ¤
TR;I I

D
[exp.1v=ce/ ¡ 1]

£¡
1 ¡

p
1 ¡ exp.¡1v=ce/

¢
exp.1v=ce/ ¡ 1

¤

.1v=ce/2 exp.1v=ce/
£p

1 ¡ exp.¡1v=ce/ ¡ 1
¤

(21)

For a given mission1v anda given thermal arcjetpropulsionsystem
(a, b, ®PS, and´PC/, the exhaustvelocityce , the payloadand structure
mass fraction ¹L S , and the � ight time ¿ can be determined from
Fig. 10 and Eq. (14) so that the TR is optimal.
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Fig. 10 Diagramof ¢v; ce; ¹LS , and¿ ¤
TR;II for thermal arcjet thrusters

for the case of an optimized TR.

a)

b)

Fig. 11 For thrusters in Table 2 for a velocity increment of ¢v =
4 km/s: a) effective exhaust velocity ce and b) payload and structure
mass fraction ¹LS vs � ight time ¿ .

Comparison of Results for Different Thruster Types
In this section, the results of the different optimizationsare com-

pared for selectedthruster types listed in Tables 2 (see Refs. 4, 5, and
20–23) and 3 (see Refs. 4 and 24–26). The correspondingef� cien-
cies are shown in Figs. 3 and 6. As power supply, a nuclear reactor
such as the SP-100 (Ref. 27) was selected with a speci� c power of
®PS D 33 W/kg. This reactor was chosen with regard to interplane-
tary missions. To allow for a better comparison, the same ®PS was

also used as the basis for the thermal arcjet thrusters. This corre-
sponds to a mean value for solar power supplies. For all thrusters,
the ef� ciency of the power conditioner was chosen with ´PC D 0:9.

Optimized Rocket Equation
The results for the high-power thermal arcjets, ion, Hall ion, and

MPD thrusters (Table 2) are shown. The optimized exhaust veloc-
ities ce and the payload and structure mass fractions ¹L S for two
velocity increments, 1º D 4 and 9 km/s, as a function of the � ight
time, are shown in Figs. 11 and 12.

The optimal exhaust velocities ce decrease as the � ight time ¿
decreases (Figs. 11a and 12a). Furthermore, they decrease slightly
as the velocity increment1º increases.It is obviousthat the optimal
exhaust velocity not only depends strongly on the thruster type but
also on the propellant.The differencebetween argon (number 1) and
xenon (number 2) with the same ion thruster is more than 10 km/s
(Figs. 11 and 12). It shows that the optimal exhaust velocities ce de-
pend not only on the maximum attainable thruster ef� ciency ´T ;max

but also on the factorkvA in Eq. (5), which is a sortof loss factor.The
highest values result for the argon ion thruster (number 1) and the
lowest for the self-� eld (SF) MPD thruster (number 4) and the high-
power thermal arcjet (number 6), also with argon as the propellant.
Both follow the same curve. However, so far, the exhaust velocities
of the SF-MPD thrusterhave onlyachievedthe optimalvalue for low
trip times. For long trip times, an improvement of the ce is required.
In contrast, the high-power thermal arcjet thruster shows optimal
effective exhaust velocities for long trip times. The required opti-
mal exhaust velocities are clearly higher for the applied-� eld (AF)

a)

b)

Fig. 12 For thrusters in Table 2 for a velocity increment of ¢v =
9 km/s: a) effective exhaust velocity ce and b) payload and structure
mass fraction ¹LS vs � ight time ¿ .
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a)

b)

Fig. 13 For thrusters in Table 3 for a velocity increment of ¢v =
4 km/s: a) effective exhaust velocity ce and b) payload and structure
mass fraction ¹LS vs � ight time ¿ .

MPD thruster (number 5) with lithium compared to the SF device
and are even higher for the Hall ion thruster (number 3), but clearly
lower compared to the ion thruster with the same propellant (Xe). It
is evident that optimal exhaust velocities with an AF-MPD thruster
with lithium as propellant can only be achieved for low-velocity
increments 1v, and very long trip times. Over a wide range of mis-
sions the ce values attainable with this device are much too high. In
comparison,with the Hall ion thruster, the effectiveexhaustvelocity
is high enough only for short trip times. As far as optimal exhaust
velocities ce are concerned, the thruster types are very distinct with
the exceptions of the SF-MPD and the high-power thermal arcjet.
This is not the case for the maximal payload and structure mass
fraction ¹L S . The xenon ion and Hall ion thrusters both attain the
best payload fraction because of their superior ´T ;max in the region
of operation,the Hall ion thruster for the short trip times, and the Xe
ion thruster for the long trip times. For the thermal arcjets (Table 3),
the results for the same velocity increment (4 and 9 km/s) are shown
in Figs. 13 and 14.

It is apparentin Figs.13 and14 that, for a speci� c 1v requirement,
for every thruster an optimal exhaust velocity can be only given
within a small � ight time area. This � ight time area shifts for a
speci� c thrusterwith increasing1v toward longer� ight times. It can
also be shown that the optimal effective exhaust velocity increases
as the 1v requirement increases.28 Note that because of the � at
¿ ¤

I I curves, uncertainties in determining parameter a have a strong
in� uence on ce opt (Fig. 8).
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Fig. 14 For various thrusters in (Table 3) for a velocity increment of
¢v = 9 km/s: a)effective exhaust velocity ce andb)payloadandstructure
mass fraction ¹LS vs � ight time ¿ .

Optimization for a TR
The results for the optimization of the TR for the six selected

thrusters in Table 2 are shown in Fig. 15 as a function of the velocity
increment 1v. The picture of the results compared to those of the
optimization of the rocket equation has changed completely: The
optimal exhaust velocities ce increase as the 1v rises (Fig. 15a)
and asymptotically approach the optimization boundary, which is
determined by the intersection of the f1 curve with the abscissa in
Fig. 9. The minimal exhaust velocities given by the optimization
procedureand that would be attained at 1v D 0 are equal to the kvA

values from Eq. (5).
This can be explained with Fig. 9. 1v D 0 also means that

1v=ce D 0, and therefore, g I must be equal to 1. For gI D 1, Eq. (7)
can only be achieved with an exhaust velocity equal to kvA . The
experimentally veri� ed regions where an optimization is possible
are indicated with thick lines in Figs. 15a–15d. For the AF-MPD
thruster, the optimal effective exhaust velocities considered here
with the whole 1v region are far below the values that can be
achieved with this lithium thruster.28

From Fig. 15a it is evident, for example, that the Hall ion thruster
SPT-100 only offers optimaleffectiveexhaustvelocities for velocity
increments between 2.2 and 8 km/s. If higher and lower 1v values
are required, the optimal exhaust velocities cannot be achieved be-
cause they are too low for low 1v and too high in the case of high
1v. Therefore, if one wants to use this thruster for a low 1v mis-
sion (<2:2 km/s), the lowest possible ce should be used; in the case
of a high 1v mission (>8 km/s), the highest ce would be the best
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Fig. 15 For thrusters in Table 2: a) effective exhaust velocity ce , b) payload and structure mass fraction ¹LS , c) � ight time ¿ , and d) TR vs velocity
increments for the TR optimization.

choice. These considerations lead to the thin lines in Fig. 15a. For
the regions with a constant effective exhaust velocity, the transport
rate only depends on ¹L S . Therefore, Eq. (18) represents the only
optimization condition and can be used for calculating ¹L S (thin
lines in Fig. 15b). The corresponding� ight time in this case can be
calculated from the rocket equation (2) and leads to the thin lines in
Fig. 15c.

Also, the curves for the payload and structure mass fraction ¹L S

(Fig.15b)showbehaviordifferentfromthoseof the precedingrocket
equationoptimization(Figs. 11 and 12). The ¹L S values for the opti-
mized region fall steadily from 1 to an asymptoticvalue determined
by the maximal ratioof1v=ce [Fig.9 andEq. (18)].The bestpayload
fractions are achieved for the argon ion thruster (number 1) due to
its very high exit velocities,the worst for the self-� eld MPD thruster
(number 4) and the high power thermal arcjet (number 6) (Fig. 15).
The correspondingmission � ight times ¿ , plotted in Fig. 15c, show
quite a changed character. The lowest trip times can be achieved by
using the SF-MPD thruster (number 4) for low-velocity increments
up to 2.2 km/s and the Hall ion thruster for high 1v.

The optimization rate is de� ned so that it is large when a
short � ight time, as well as a large payload fraction, is achieved.
Figure 15d makes it clear that, for velocity increments up to
3.5 km/s, the Hall ion thruster offers the highest transport rate due
to its low loss factor. At velocity increments higher than 6 km/s, the
xenon ion thruster clearly takes over this good position due to its
very high-ef� ciency value. The SF-MPD thruster, which in contrast
to the Hall ion thrustersand ion thrustershas not yet been optimized,
is so far only preferable for very low-velocity increments.

For three recent missions, Deep Space 1 (ion thruster, Xe),
SMART-1 (Hall ion thruster, Xe) and Muses-C (ion thruster, Xe),
the effective exit velocities of each chosen thruster are included
in Fig. 15a. The effective exhaust velocities agree quite well with
the chosen operating points for the missions despite the simple TR
model. Note that the ion thrusters for both missions do not com-
pletely agree with thruster 2. Because the thrust ef� ciency depen-
dence on exit velocity is not available or accessible to us for these
devices, the correct calculation could not be performed.

The results for the optimization of the TR for the six selected
thermal arcjet thrusters in Table 3 are shown in Fig. 16. The ex-
perimentally veri� ed regions where an optimization is possible are
plotted as a thick line. Figure 10 has already shown that the opti-
mal effective exhaust velocity for a speci� c 1v requirement now
only depends on the parameter a=1v. The same is true in view of
Eq. (18) for ¹L S . In other words, the larger a is, the faster the exit
velocity that correspondsto the energycontentof the propellantthat
is not directly in� uenced by the arc, the larger the ce required for an
optimization and the larger the ¹L S . This means that improving the
regenerative cooling capacity results in an increase of the payload
and structure mass fraction. Figure 16a shows how the optimal ex-
haust velocity decreases as the velocity increment increases within
the optimizationregion.An optimizationof the Marc 6 thrusterwith
small velocity increments, for example, is not possible because the
optimal ce can no longer be achieved. This means that for a small
velocity increment, the largest possible ce should be chosen. If, on
the other hand, one wants to use a thruster for a mission with a
larger 1v requirement than its optimization area covers, it should
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a)

b)

c)

d)

Fig. 16 For thrusters in Table 3: a) effective exhaust velocity ce , b) payload and structure mass fraction ¹LS , c) � ight time ¿ , and d) TR vs velocity
increment for the extended TR optimization.

be operated with the smallest possible ce because then the higher
ef� ciency (Fig. 6) increases the transport rate. These considerations
led to the results indicated by thin lines in Fig. 16a. For the regions
with a constant effectiveexhaust velocity, the transportrate depends
only on ¹L S . Therefore, Eq. (18) represents the only optimization
condition and can be used for the calculation of ¹L S (thin lines in
Fig. 16b). The corresponding � ight time in this case can be calcu-
lated from the rocket equation (2) and leads to the results shown by
thin lines in Fig. 16c. Generally speaking, the transport rate sinks as
the velocityincrement increasesbecausethe � ight time (Fig. 16c) as
well as the payload and structuremass fraction (Fig. 16b) sink dras-
tically. This behavior is visible in Fig. 16d. Figure 16 shows that the
smaller and likewise optimized thruster Artus is superior when the
1v requirement is small (<3 km/s). For 1v > 6 km/s, the Marc 6 is
superior due to its good regenerative cooling capacity. At this per-
formance level, HIPARC can only be included in the comparison
to a limited extent because it has only a relatively low regenerative
cooling capacity, in which respect its stage of developmentand that
of the thrusters Artus and Marc are not equivalent.

In Fig. 17 the transport rates of only four of the thrusters (two
from each of the two groups discussed) are compared. Although the
exhaust velocity that the Marc 6 exhibits in the 1v region investi-
gated is too low (compare Fig. 16a), its transport rate is superior to
all of the other thrusters when the entire region is considered. This
is due to the signi� cantly shorter � ight times that can be achieved.
Here the large potential of the thermal arcjets is obvious.

Through its optimal exhaust velocity, the high-power arcjet
HIPARC has already distinguished itself in the 1v region that is
of interest for many missions. If it is possible to increase signi� -
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cantly HIPARC’s ef� ciency through regenerative cooling and opti-
mization, it will be of great interest for transfer and interplanetary
missions.

Despite the high payload ratio that can be achieved with these
thrusters, the Xe ion thruster’s TR is signi� cantly lower than that of
the Marc 6 because the � ight time is very long due to the low-thrust
density that these thrusters exhibit. Signi� cant improvementsare no
longer possible for these devices. For SF-MPD thrusters, it is valid
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to say that their ef� ciency as well as their effective exhaust velocity
must be improved to make these devices competitive.

Conclusions
The purpose of this paper is to include the dependencyof the spe-

ci� c power®F on the exhaustvelocityce the � ightmissionparameter
optimization and to show the tendencies of the results, not to give
detailed solutions, for which the mass fraction division, for exam-
ple, would not be suf� ciently re� ned. The results clearly show the
strengthsandweaknessesof individualthrustersand the in� uenceof
the propellant choice. When the individual thrusters are compared,
note that the thrusters are in various stages of development.In some
cases, there are already optimized and quali� ed thrusters (for ex-
ample, the Xe ion thruster, Hall ion thruster, low-power arcjet, and
Marc 6). On the other hand, the regenerative cooling capacity of
the HIPARC, for example, is far from exhausted, and there are only
simple laboratory models of the MPD thrusters.

In the case of the AF-MPD thruster, lithium is certainly not
the best propellant choice because the effective exhaust veloc-
ity is too high. If the exhaust velocity could be lowered, the TR
would improve.28 Certain important aspects in choosing the optimal
thruster are not included in the optimization, such as the attainable
thrust density lifetime, reliability, and possible contamination. De-
spite numerous simpli� cations, it could be shown for a number of
current mission examples that the optimal effective exhaust veloci-
ties could be predicted fairly well.
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